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1. Introduction

Let 4 and B be isomorphic subgroups of a group &G andlet w: 4 — B
be an isomorphism. In 1349, G. Higman, B. H. Neumann and H. Neumann [3]
defined a proup construction now known as the HNN extension of &, They
proved that G can be embedded in a group G containing an element ¢ such
that t™'at = w{a) for all a € 4.

In 1963, J. M. Howie (9] defined HNN extensions of semigroups and
obtained a result corresponding io the above thearem of Higman, Neumann and
Neumann, provided that 4 and B are unitary subsemigroups of the semigroup
&

Using geometrie methods stemming from the work of B, C. Lynden, J.
H. Remmers, and Miller and Schupp, in 1972 D. A, Jackson {[11]1 see also [1‘?]]
proved again J. M. Howie's result and obtained as well the semigroup analogue
of Britton’s Lemma.

In 1971, a new approach to HNN extensions of groups is due to J. R.
Stallings [16]. J. R. Stallings' approach, based on R. Baer’s results on pregroups,
vields new proofs of the theorem of Higman, MNeumann and Neumann, and
Britton's Lemma.

In the present paper we give new proofs of J. M. Howie’s and D. A,
Jackson's results concerning HNN extensions of semigroups. We use R. Baer's
resull on presemipgroups (2, Section 1, Theorem 1] and J. B. Stallings’ method
(16, Example 3.A.5.5].

2. Prelimminaries

In this section we review some of B. Baer’s results on partial semigroups.

A partial growpeid is a triple & = (G, D, p) where @ is a non-emphy set,
DCGExE and u: D — ( is a mapping. We denote p{z,y) by -y and use
the notations ([14]):

(¢,¢)p  # (z,y) €D,
{Z1,....2:)D iff (T: Tig1)D fori=1,...,m—1.

Let & = (G,D, ¢} be a partial groupoid and let F{7} be the free
sernigroup on the set &, I X = z;...2, € F(G), we say that X is a waord
of length n. A word z; ... 2, is said to he G-reduced, f for i = 1,... n—1,
{E;_.I I'-l'_}_]_} g D..

Let & bea partial groupoid and let 8y be the relation on F{G') defined as
follows: {2-y,xy) € & iff {z,y)o. Let  be the congruence on F{&) generated
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by B, Then U(G) = F{G)/8 is ihie wniversal semigroup of the partial groupeoid
&, The words A, Y € F{&} are equivalent, ¥ X ~ 3 (mod #).

A partial groupoid G is sald to be & paréfal semigroup (J.-C. Spehner
[13]) if it is embeddable in a semigroup.

Theorem 1. (K. Baer [1]} A pertial groupeid & i3 2 paviial semagroup of
end onfy if it embads in ifs wndversel semigronp UF(G), Le, i ond only if 2 ~
(mad 8] dmplies x =y, forall 2,y e &, =

A partial semigroup & is said ko be a presemigroup if ii satisfes the
following condition:
{L) Equivalent &-reduced words have the same lenglh.

We introduce the following conditions on a paclial groupeid G:

(I'1) Forall w,y,z € G, ¥ {z,v,2)p, (z,y-7)p and (z-y,2)p, then x-(y-2) =
{x-1y)-z.

(P2) Forall z,y, 2 € &, if (2,y,2)p, then: (z,y-2z)p if and only if (=¥, 2)o.

{(P3) Forall w,a,y,z € G,if {w,x,y,5)p, then either (w,z-y)p or (z-y,2)p.

(P4) Far all e, x,p,z € &, i (2, pv,2)p and {w,2 -ylp, then either {w, x)p
or {T-y,2)p.

(P8) Forall w,z, ¥,z € G,if {w,2,y)p and (z-y,2)p, then either (w,z-y)p
ar {¥, 2o

Theorem 2. {IL. Baer [2, Section 1, Theorem 1)) 4 pordial groupedd G s ¢
presemigroup if and only if i satisfles conditions (P1) to (P5). |

Note that recently the anthor used presemigroups to study semigroup
amalrams (see [5], [6]).

3. TUnitary HNN extensions of semigroups

We shall use the nedakion and terminolesy to be found in Howie [10] or
Clifford and Preston (4], to which the reader is referred for basic information on
semigroups.

For any semigroup S, §' denotes the semigroup obtained from 5 by
adjoining an identity element if it does not already have one.

Let A and B be isomerphic subsemigroups of a semigroup 5 and let
w1 A — B bean isomorphism. The semipronp 5% piven by the presentation

sgp( STt T =umt =1, tlat = w(a), forall a € 4)

iz called an NV eztension of 5 with steble letier §.

The praduct of two clements s1,s: € 5 will be denoted by 515; and
the inverse of o will be denoted by 7.

Construel Llires sets in one-to-one correspondence with 57:

F1o¢lgl gl

and set & = 51 U718 U ST Define pactial multiplication on G as follows:
TFor all 5, 51, 50 € 8 and b s B,

B4
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41 - &g = 3pdae ,
b-t7ls =t s,
st-b= s b,
51 r &9t = s18al
ﬁ_lsl S8y = f-_15152 y
715 - st = wfsq8g), HT 538, £ 4

591 - E_ISz = &) &2 .

The zbove defined partial groupald will be dencted by G5 = (&, D, ). The
universal semigroup U{Gg) of the partial groupoid G is the semigroup given
by the presentation

sopl Gy = = where (£, y)p and plz, ) = 2)

which is another presentation of 5%, Hence $* is identical with U[Gs).
Eecall that a subsemigroup U of a semigroup 5 is said to be laft wnitary
in 5 {F. Dubreil [7]), fforall u £ I7 and s € 5,

va € 7 implies s& 7.

Fight unitariness is defined dually, and U is unditary if it is both left and right
unitary,
K 7 is a unitary subsemigroup of 5°, then 1 € U7 {I. M. Howie [9]).

Lemma 1. For uny semigronp 5, any tsomorphic subserigronps A and B of
57 and any tsommerphism ot A — B,
(1) Gs satigfiea (P1} and (P3).
(i) g satisfies (P2} if and only if B = o wniiory subsemigroup of S*.
(1) (7 satisfies (P4) ¢ and enly if A 18 o right unitary subsemigroup of 51,
{(iv) Gg satisfies (PD) if and only if 4 is « left undlory subsemigronp of §7.

Proaf. Let 5,5,8. € 5', b€ B and 5 £ S1\FB.

{i} A strajghtforward verification.

(ii} Consider the triplet (st,b,b). From (st,b,8)p and (st b4 2 D, i
follows that the triplet (st, b, b) satisfies (P2} if and only if {st,b-5) ¢ D, i.e., if
and only if B iz left unitary in St

Similarly, from (b, 5,¢75)p and (b,b-¢71s) ¢ D, it follows that the
triplet (b, b,i~1s) satisfies (P2) if and only if (b-b,t7's) ¢ D, e, il and only if
B 1s right unitary in S'.

A straightforward verification shows that all triplets of elements of &,
distinct from (st, b 6) and (b, 5,7 s) satisfy (I'2).

Hence G5 satisfies (P2) if and enly if B is unitary in 5*.

(111} Consider the quadruple (#71s;, 822, b, B}. Clearly, (7151, sqt- b)p
= s1820” B} € A, Since (=0, b, 1o and (sst- &5 ¢ D, the quadruple
(t™1sq, 801, B, 5) satisfies (P4) if and only ¥ (t71s1, 50 B} p implics (27 1s;, 53800,
We have
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[(f_l.?l.l .‘?Ef ; b}lD ——r {f‘_IS]_: EZt:ID]
s [s;sznp_]{li} £ A =% 4159 E_ﬁl]
4= A4 iz right unitary in S' .

Similarly, the quadruple (17151, 511, b, st} satisfies (P4) if and only if 4
is right unitary in 5.

A straightforward verifieation shows that all quadruples of elements of
G distinet from (t71sy, 528, b, 1) and (17 1ay, 52, b st) satisfy (P4).

Hence g satisfles {P4) if and only if 4 is right unitary in 5!,

(iv) Consider the quadruple (b, ¢ 151, saf}). Clearly, (b-¢7 51, 50t)p =
w B)s18p € A, Sinee (b bt 'sy)p and (B,b-1"151) € D, the guadruple
(B, b, 1751, 50%) satisfies (P5) if and enly if (h-17 51, s2t)p implies (#7151, 528)p.
We have

[(b-2 51, 89t)p = (£ 51, 52t) ]

= [ (M52 € A= 5162 € A]
< A iz left unitary in gt

Similarly, the quadruple (718 b,#7 s, 521) satisfies {P5) if and enly if
A iz left unitary in &7,

A struightforward verification shows that all quadiuples of elements of
G distinet from (b, b, 7 51, 522) and (t71s, b7 sy, 20t) salisly (PH).

Hence G satisfies (P5) if and only if A is left unikary in 5. Lemma 1
15 proved. "

Theovem 3 below is equivalent to Theorem 3.5 of [11]. From Theorem 2
and Lemma 1, it follows:

Theorem 3. Let 4 end B le isomorphic subsemigroups of &' and let
wer A = B be en isomorphism. The poriial groupeid (Fg is & presemigroup
if und onfy if A and B are unitary subsemigroups of 5%, |

Corallary 1 below is an extension of G, Higman, B, H. Neumann and H.
Meumann’s thecrem ([8, Thearem 1), see also [13, Chap. 4, Section 2|).

Corollary 1. (J. M. Howie [9, Theorem 1] Let A mnd B be somorphic
unitary subsemigroups of 5§ and fed A = B be an isomorphism. Then there
exisis @ gemigronp confaining 51 und confaining elio two elemends ¢ and 77
such that 1171 =it =1 and, for all ac 4, t1at = p(a).

Proof. Suppose that § has an identity element. By Theorems 1and 3, § = &7
embeds in 5. Wow suppose that 5 does not have an identity clement. As in
{9], denote AU{1} by A', and B U {1} by B'. Extend ¢ to an isomorphism
fromm A' to B’ by defining (1) = 1. Since 4 and B are unitary subsemigroups
of &, by |9, Lemma 1], A" and B' are unitary subsemigroups of 5. Hence, by
Theorems 1 and 3, 5' embeds in §*. To complete the proof, identify ¢~11 with
7 and 1t with 2. =

Corollary 2 below is an extension of Britton's Lemma (([3], see also [13
Chap. 4, Section 2]). From Thearems 1 and 3 it follows:

2
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Corollary 2.  Let A aend B be isomorphic unitory subsemigroups of S' and
let w: A — B be an isomorphism. If X is a Gg-reduced word distinet from 1,

then X

ia not eguivalent fo 1, =
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