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Abstract

We prove thul the class of all embeddable semigroup amalgams is nol Grst-order liniely
axiomatizable. 5 1998 Elsevier Science BLY.
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1. Introduction

In 1927, Schreier [23] showed that a group amalgam is always embeddable in
a group. In 1956, Jonsson [18, p. 2067 gave an example 1o show that a semigroup
amalgam need not be embeddable in a semigroup. In 1957, Kimura [19] (see also
[3, Section 9.4]) showed that a commutative semigroup amalgam need not be embed-
dable in a semigroup.

Semigroup amalgams were firsl extensively studied by Howie [12-17] (see also
[3, 117} In 1975, Hall [9] showed that Schreier’s theorem extends to the case of
INVLTSE SCMISToups,

In 1975, Lallement [20] gave a necessary and suificienl condition [or a semigroup
amulgam & = [{8: (e ]}; U] to be embeddable in a semigroup. Lallement's condi-
tion is in the form ol a countable set of equational implications with cxistential
quantifiers and with variables taken from card I distinet sets. Lallement has shown
that no finite set of such implications can serve as a necessary and sufficient condition
for o semigroup amalgam Lo be embeddable.

In the present paper we prove {Theorem 1) that the class of all embeddable
semigroup amalgams is not first-order flnitely axiomatizable. In the proof ol
Theorem 1 we construct partial grovpeids Gy and Gy The union of the sets ol
multiplications of Gy and G5 is exactly the “length » zigzag of type I over U from
se8 loteT with spine wy, 0, ..., lte, by, lesy” as defined by Hall [10, Section 8,
Definition 5],
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2. Preliminaries

A partial groupeld 15 a triple G = (G, D, p), where & 5 2 nonemply sel, D = G x G,
and po: D — Gis o mapping. Let G =(G, D, p) and H = (H, E, v] be partial groupoids.
Denote plx, v) by x-vand vix, ¥ by x v A homomorphise of G inlo H is a mapping
g; (F — H such that (x, y) € D implies (@(x), {30 e Eand @(x. ) = @x)=p{y), Torall
xye .

Lel G = {G, B, p) be a partial groupoid and let & be the free semigroup on the set
G. Let 95 ()} be the relation on G consisiing of the pairs (xy, plx p)) forall (2 ) = 2.
Let 8(G) be the congruence an G generated by #,(GL Then U(G) = G4 Q(G) s the
wnlversal semtgranp of the partial grovpeid G, For cach word w ol G7 we denote by wil
the #{G)-class of w.

Let G and H be partial groopeids. G is said o be embeddable into B thers is
a ene-to-one homomorphism of & into A, A partial groupoid & s said to be a partial
seriigrowp [247 iF it is embeddable in a semigronp.

Theorem A (Bacr [1]). 4 portial grovpeid G is a partial semigroup if and only if it
dinbeds tn fts paiversal somigroup UG, Le, i and onlv if x ~ v {mod 3{G)) mplies
x=ypforallx, ve G

Mote that recently partial semigroups were studied by the author [3-8].

We shall examine the congruence #((7) by considering elementary &y (G )-transitions
as defined inn [11, Ch. I, Seetion 5]. I x, y = &, then x ~ p {mod 8(G)) if and oniy 1F
either x = y or for some 1 = 1 there is 2 sequence

A=W R e e g, = )

of clementary U (G)-transitions connecting x to v (1L, Proposition L3.10]), For an
arbitrary sequence of elementary fp (G)-transitions we siy that the number of elemen-
tary i, (G )-transilions in the sequence is the fength of the sequence.

Let & = (G, B, ¢) be a partial groupoid and let 0¢ G, We extend the multiplication
of G o one of G = G0} by defining x = v = pix, v) for all (=, 3} € D and making all
other products equal 1o 0. A parlial sroupodd G is said to be an Z-presemigroup i G° is
A semigroup,

We introdoce the following conditions on o partial groupoid G

(Al) Forallx, y,z e G,il{x, e Pand (x. y,z) = D, then{yv. 2} £ D.{x, v-z} = D and
(x-W-z=x-[p-zL

(A2) Forallx, yze G.il{y, z) e Dand (x, y-2) e D, then (x, ) e D, (x- ¥, 2} = 0 and
(x-1-z2=x-[y-z)

Theorem B {Conrad [4], see alse [3, Lemma 3.7 A partial growpoid & is a 2-
presemigronp I and only iF it setisfies conditiors (A1) and [A2),

Clearly, a partial groupoid G = {G, D, p) can be considered as a pair M{G) = (G, R),
wlhere R is the ternary relation on & defined by (x, v, z) € R il and only if{x, p} = £ and
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plx, ¥v] =z [n the terminology of Malcev [217, M{G1 15 the imode! corvesponding Lo .
IF we uge a first-order languape L consisting of one ternary relation symbol, p say, we
can describe the class of all partial semigroups as a guasivaricly {in the sense of
[21,22]).

The fallawing theorem is a corellary to Theorer A and Proposition 15,10 of [I1]:

Theorem C. The class of all partial semigroups is a guesivaricty (in the sense of
(21, 2201 defined by an fnfinite sel P oof quasi-identities of the form

T p W, L [Pt A - A pe_ g ny = x =],

" : . - |
where oo e xg, L x,

3. The class of all embeddable semigroup amalgams is not finitely axiomatizable

Let {81 4} be a family of semigroups, let I be a subsemigroup of 5;forall e/,
and let §;mS8;=U for all i fe ! with { %} The semigroup amalgam & = [{S;
i eI} U] determines a partial groupoid (/) on % = | | {8;: 1 & I} in which a prod-
ucl of two elements is defined if and anly if they both beleng to the same 5, and their
product is then taken as their product in 8 [3, Scction 247, A semigroup amalgam
/15 said o be embeddable in a semigroup if the partial groupoid % () is a partial

Emigroup.

Theorem 1. The class of all embeddable semigroup amalgams is not firsi-order finitely
exiomotizahle

Proof. Let F be the infinile sel ol quasi-identities defining the class of all partial
semigroups and let P, be any Onile subsel of P, Lel r = 1. We shall construet
a semigroupamalgam =4 = [5,, T,; U,] and a purtial groapoid %, = %=, ) such that
MIF,), that 18, the model corresponding o &, satislfics Py but not P, From this it
lollows that the class of all embeddable semigroup amalgams is not first-order finitely
axiomalizable, We reler the reader to [2] for the fundamentals of first-order theoriss.

Onthe sel Gy = {85, o0 0881y ver cSn 1o Hpeven Mg 1L enn o By ) W define o partial
groupoid g by the multiplications

U5, = 5, BoSy == dgrqs Uis =l &, =&, i=1,....0—1

DI'! “.]E sel G.n' = {r"rh"'1£.l|:lr'lll.~"'e-rj|"!|.~”1.“"r”u-l-ht'h'h"ﬂﬂ.ui W deﬁne e pEiTLilLl
arovpeid Gr by the multiplicalions

Loy =y, Telly+1 =4 Gllips =hoatvey =1, f=1,...,0—=1
By using Theorem B, one can casily verily thal the parlial groupoids G and Gy

are Z-presemigroups. Denote §, = G and T, = G} Clearly, the zero semigroup
on U, = {{, ¢rj,.,.,u,,...,,ul,...,u,_.} 15 a subsemigroup of &, and T, such that
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Son Ty = U, Denote %) by %, 009, by . and ¢(%,) by £, One can casily see
thal
s0={s;LL 0=yl ={r), i=1

i R,

1 LR

wifl =4 e w0 =T R (P
&J:[ll = f'l:'_f!' "'JS_I'! ”_f—""_l'|':-J'!' f_..li} = {I'_l._.f_rir_?+1, i_f—| L'J-E-I.;.‘

j=1

3 e--adl— ]1 ”'I{jI = {”l* '!'!'!"'1}' ”u'i']'f‘II = {”r.'-l.' [Jr_,,'{“_:-__
el = fe), = 2,.00n

The (-class of {} contains exactly one element of &, namely (1. Henee each of the above
f-classes containg cxaclly one element of %,. But 5 and ¢ belong to the same #-class,
The sequence of elementary q-transitions of minimal lenglh from s 1o+ has the Torm

B g d) =0 [0 8 = DRy =+ [qliale = L8 = o0 =0 [ g8y =2 F L8, = di e g =

The above sequence (und henee the sequence of minimal length [rom ¢ 1o s) has length
.

Since 5 und ¢ belong 1o the same #-class, by Theorem A, the partial groupoid %, is
nat o partdal semigroup, Hence M%) does not satisfy P. For each quasi-identity
e P owe denote by (1) the number of occurrences of the symbaol pin Wb Let
L) = fig, @ Py, Choase i = ny, for all i € Py. Then M{%,) salisfies Py but not #.
This completes the prool of Theorem 1. [
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